Abstract. Let i : A → R be a ring morphism, and χ : R → A a right R-linear map with χ(χ(r)s) = χ(rs) and χ(1 R ) = 1 A . If R is a Frobenius A-ring, then we can define a trace map tr : A → A R . If there exists an element of trace 1 in A, then A is right FBN if and only if A R is right FBN and A is right noetherian. The result can be generalized to the case where R is an I-Frobenius A-ring. We recover results of García and del Río and by Dǎscǎlescu, Kelarev and Torrecillas on actions of group and Hopf algebras on FBN rings as special cases. We also obtain applications to extensions of Frobenius algebras, and to Frobenius corings with a grouplike element.
Introduction
A ring A is called right bounded every essential right ideal contains a non-zero twosided ideal. A is right fully bounded noetherian or right FBN is A is noetherian, and A/P is right bounded for every two-sided prime ideal P of A. Obviously commutative noetherian rings are right FBN; more generally, noetherian PI-rings and artinian rings are FBN. A series of conjectures in classical ring theory can be proved in the case of rings with the FBN property, we refer to the introduction of [7] for a brief survey. Assume that a finite group G acts on A. García and Del Río [9] investigated the relationship between the FBN property for A and its subring of invariants A G . The main result is that, in case A is right noetherian, the right FBN property for A is equivalent to the right FBN property for A G , if there exists an element in A having trace 1. A similar statement was proved in [12] for rings graded by a finite group G. These results can be generalized to Hopf algebra actions (see [7, 10] ). We have observed that the methods introduced in [9] can be applied in an apparently completely different situation. Let S be a Frobenius algebra (with Frobenius system (e = e 1 ⊗ e 2 , ν)) and j : S → A an algebra map, with A a right noetherian ring. If there exists a ∈ A such that j(e 1 )aj(e 2 ) = 1, then A is right FBN if and only if C S (A) is right FBN. In this note, we propose a unified approach to these results, based on the concept of A-ring with a grouplike character, as introduced in [6] . Basically, this consists of a ring morphism i : A → R, together with a right A-linear map χ : R → A such that the formula a↼r = χ(ar) makes A into a right R-module. The subring of invariants is defined as B = {b ∈ A | bχ(r) = χ(br)}. The main result is basically the following: if R is a Frobenius A-ring, and A is projective as a right R-module, then A is right FBN if and only if B is right FBN and A is right noetherian. The methods of proof are essentially the same as in [9] . If R is a Frobenius A-ring, then we can define a trace map tr : A → B, and A is projective (and a fortiori quasi-projective) as a right R-module if and only if there exists an element of trace 1. The condition that R is Frobenius can be relaxed in the sense that it suffices that R is Frobenius of the second kind, with respect to a strict Morita context (A, A, I, J, f, g). Then the trace map is a map tr : J → B. The above mentioned results on group and Hopf algebra actions and extensions of Frobenius algebras can be obtained as special cases. We also present an application to Frobenius corings with a grouplike element.
Rings with a grouplike character
Let A be an associative ring with unit. The category of A-bimodules A M A is a monoidal category, and we can consider algebras in A M A . Such an algebra R is a ring R together with a ring morphism i : A → R. The bimodule structure on A is then given by arb = i(a)ri(b), for all a, b ∈ A and r ∈ R. A right grouplike character on R is a right A-linear map χ : R → A such that
for all r, s ∈ R. We then say that (R, i, χ) is an A-ring with a right grouplike character. Right grouplike characters were introduced in [6] . The terminology is motivated by the fact that the dual of a coring with a grouplike element is a ring with a grouplike character (see Section 7). For all a ∈ A, we have that
so χ • i = A, and i is injective, χ is surjective. Sometimes we will regard i as an inclusion. A is a right R-module, with right R-action
A is a cyclic right R-module, since
for all a ∈ A. For M ∈ M R , the submodule of invariants is defined as
Then B is a subring of A, M R is a right B-module, and we have the invariants functor (−) R : M R → M B . We will now present some elementary properties of
, for all r ∈ R}.
Lemma 1.1. Let (R, i, χ) be an A-ring with a right grouplike character.
(1) Q is a (R, B)-subbimodule of R; (2) χ restricts to a B-bimodule map χ : Q → B; 2) For all q ∈ Q and r ∈ R, we have
hence χ(q) ∈ B. χ is right A-linear, so its restriction to Q is right B-linear. For all q ∈ Q ⊂ R and b ∈ B, we have, by the definition of A R = B that bχ(q) = χ(bq), so χ is also left B-linear.
3) If 1 R ∈ Q, then we have for all r ∈ R that
It follows that i is a left inverse of χ. We have seen above that i is always a right inverse of χ, so it follows that i is an isomorphism.
End R (A) is a B-bimodule, with left B-action (bf )(a) = bf (a), for all b ∈ B, f ∈ End R (A) and a ∈ A. Proof. 1) For f ∈ Hom R (A, M ) and r ∈ R, we have
R , and we have a well-defined map
The inverse of φ is given by the formula For a + I ∈ (A/I) R , we have a well-defined right A-linear map
Let p : A → A/I be the canonical projection. Since A is quasi-projective, there
Indeed, for all r ∈ R, we have
Condition 2) means precisely that this map is surjective. 3) ⇒ 1). Take a right R-linear map f : A → A/I, with I a right R-submodule of A. Then
In Proposition 2.1, we characterize quasi-projectivity of A as a right R-module. (1) A is projective as a right R-module; (2) there exists q ∈ Q such that χ(q) = 1.
We refer to [6, Prop. 
I-Frobenius rings
Let (R, i) be an A-ring, and I = (A, A, I, J, f, g) a strict Morita context connecting A with itself. We say that R is an I-Frobenius A-ring if there exist an element e = e 1 ⊗ u 1 ⊗ e 2 ∈ R ⊗ A I ⊗ A R (summation understood implicitely) and an Abimodule map ν : R ⊗ A I → A such that the following conditions are satisfied, for all r ∈ R and u ∈ I: 
for all u, u ′ ∈ I and v, v ′ ∈ J. We will write
From the fact that f is an A-bimodule isomorphism, it follows easily that
for all a ∈ A. We have the following generalization of [6, Theorem 2.7].
Theorem 3.1. Let (R, i, χ) be an I-Frobenius A-ring with a right grouplike character. Then J is an (R, B)-bimodule, with left R-action
and we have an isomorphism α : J → Q of (R, B)-bimodules.
Proof. The map α is defined by the formula
for all v ∈ J. Let us first show that α(v) ∈ Q. For all r ∈ R, we compute
α is right B-linear since
The inverse β of α is given by the composition
for all q ∈ Q. Indeed, we compute for all q ∈ Q that
For all v ∈ J, we have that
This shows that α is an isomorphism of right B-modules. We can transport the left B-action on Q to J such that α becomes an (R, B)-bimodule map. This yields formula (9) .
The composition tr = χ • α : J → Q → B is a B-bimodule map (see Lemma 1.1), and will be called the trace map. It is given by the formula (11) tr
Combining Proposition 2.2 and Theorem 3.1, we obtain the following result: Now assume that R is Frobenius A-ring, that is, I = A. Then the above formulas simplify. e = e 1 ⊗ e 2 ∈ R ⊗ A R, ν : R → A is an A-bimodule map, and the trace map tr : A → B is given by tr (a) = χ(aχ(e 1 )e 2 ).
Fully bounded noetherian rings
We recall some definitions and basic results from [9] . Let R be a ring, and M, P ∈ M R . For a subset X of Hom R (P, M ), we write
In particular, for X ⊂ M ∼ = Hom R (R, M ), we have
M is called finitely P -generated if there exists an epimorphism of right R-modules (1) R is right FBN; (2) for every finitely generated right R-module M , there exists a finite subset
A right R-module P is called a right FBN-module if it is noetherian and for every finitely generated P -faithful right R-module M , there exists a finite subset F ⊂ Hom R (P, M ) such that r P (F ) = r P (Hom R (P, M )). We recall the following properties from [9] . We can now state the main result of this paper. Proof. 1) ⇒ 2). It follows from Proposition 4.4 that R is an FBN right R-module. Let M be a finitely generated right R-module; then M is also finitely generated as a right A-module. We claim that M is an R-faithful right A-module. Indeed, take a non-zero right
, there exists a non-zero f ∈ Hom A (A, M ′ ), and the composition f • χ : R → M ′ is non-zero, since χ is surjective. Now take P = R, Q = A in Proposition 4.3, and consider the subset M ∼ = Hom R (R, M ) ⊂ Hom A (R, M ). It follows that there exists a finite F ⊂ M such that r A (F ) = r A (M ). It then follows from Proposition 4.1 that R is right FBN.
2) ⇒ 3).
A is a finitely generated (even cyclic) right R-module, so it follows from Proposition 4.4 that A is an FBN right R-module. It then follows from Proposition 4.2 that End R (A) ∼ = B is right FBN.
3) ⇒ 1). We will apply Proposition 2.3 with M = A and N = R. By assumption, A is quasi-projective as a right R-module. Since R/A is I-Frobenius, R is finitely generated projective as a right R-module. Since A is right noetherian, R is also right noetherian. It follows from Lemma 1.2, Proposition 2.3 and Theorem 3.1 that Hom R (A, R) ∼ = R R = Q ∼ = J is noetherian as a right module over End R (A) ∼ = A R = B. It then follows that J is finitely generated as a right B-module. Let {e 1 , · · · , e k } be a set of generators of J as a right B-module. Recall that we have an A-bimodule isomorphism f : I ⊗ A J → A. With notation as in Section 3, we have, for a ∈ A,
For every i, we can find
We then easily compute that
and we conclude that A is finitely generated as a right B-module. Take M ∈ M A finitely generated. Then M is also finitely generated as a right B-module. We now show that M is an A-faithful right B-module. Let M ′ be a non-zero right B-submodule of M , and take 0 = m ′ ∈ M ′ . It follows from Proposition 3.2 that there exists v ∈ J such that tr (v) = 1 B . The map f : A → M , f (a) = m ′ tr (va) is right B-linear, and different from 0 since f (1 A ) = m ′ = 0. Observe now that
• B is a quasi-projective FBN right B-module;
• A is a finitely B-generated right B-module;
• M is a finitely generated A-faithful right B-module.
Applying Proposition 4.3 to M ∼ = Hom
, we find that there exists a finite subset F ⊂ M such that r A (F ) = r A (M ). It then follows from Proposition 4.1 that A is right FBN.
Application to Frobenius algebras
Let k be a commutative ring, and consider two k-algebras A and S, and an algebra map j : S → A. It is easy to establish that (R = S op ⊗ A, i, χ) with
is an A-ring with a right grouplike character. Also observe that the categories M R and S M A are isomorphic. For M ∈ S M A , we have that
In particular, B = A R = C S (A) and
Consequently A is projective as a right R-module if and only if there exists i s i ⊗ a i ∈ Q such that i j(s i )a i = 1 A . From Proposition 2.1, it follows that A is quasi-projective as a right R-module if and only if for every (S, A)-submodule I of A and a ∈ A such that as − sa ∈ I, for all s ∈ S, there exists a b ∈ B such that a − b ∈ I.
Assume that S is a Frobenius k-algebra, with Frobenius system (e = e 1 ⊗ e 2 , ν). Then S op is also a Frobenius algebra, with Frobenius system (e = e 2 ⊗ e 1 , ν), and S op ⊗ A is a Frobenius A-ring, with Frobenius system (E, N ), with E = (e 2 ⊗ 1 A ) ⊗ A (e 1 ⊗ 1 A ) and
We then have the isomorphism
and the trace map tr : A → B, tr (a) = j(e 1 )aj(e 2 ).
A is projective as a right R-module if and only if there exists a ∈ A such that tr (a) = 1. 
Application to Hopf algeba actions
Let H be a finitely generated projective Hopf algebra over a commutative ring k, and A a left H-module algebra. The smash product R = A#H is equal to A ⊗ H as a k-module, with multiplication given by the formula
The unit is 1 A #1 H . Consider the maps
Straightforward computations show that (A#H, i, χ) is an A-ring with a left grouplike character. It is also easy to prove that
is the subalgebra of invariants of R.
In a similar way, we can associate an A-ring with right grouplike character to a right H-comodule algebra. We will discuss the left handed case here, in order to recover the results from [7, 9, 10] . The results from the previous Sections can easily be restated for rings with a left grouplike character. Let I = l H * and J = l H be the spaces of left integrals on and in H. I and J are projective rank one k-modules, and H/k is I-Frobenius (see for example [4, Theorem 3.4] ). We need an explicit description of the Frobenius system. From the Fundamental Theorem, it follows that we have an isomorphism
so φ restricts to a monomorphismφ : I ⊗ J → kε. If I and J are free of rank one, thenφ is an isomorphism, as there exist ϕ ∈ I and t ∈ J such that ϕ, t = 1 (see for example [5, Theorem 31], [13] . Henceφ is an isomorphism after we localize at a prime ideal p of k, and this implies thatφ is itself an isomorphism. Consequently
n} is a finite dual basis for I, so we have t = i ϕ i , t t i , ϕ = i ϕ, t i ϕ, for all t ∈ J and ϕ ∈ I. φ induces an isomorphism
The inverse of ψ is given by the formula
where S is the inverse of the antipode S -recall from [13] that the antipode of a finitely generated projective Hopf algebra is always bijective. Indeed, it is straightforward to show that ψ −1 is a right inverse of ψ. First observe that
Now we compute for all h ∈ H that
where we used the fact that ϕ i and t are integrals. It follows that
A right inverse of an invertible element is also a left inverse, so it follows that
where we used the fact that ϕ i • S is a right integral on H. We conclude that
Consider the particular situation where I and J are free rank one modules. Then there exist free generators ϕ 1 of I and t 1 of J such that ϕ 1 , t 1 = 1. From (13) it follows that ϕ 1 , S(t 1 ) = 1. For arbitrary ϕ = xϕ 1 ∈ I and t = yt 1 ∈ J, it then follows that ϕ, t = xy ϕ 1 , t 1 = xy = xy ϕ 1 , S(t 1 ) = ϕ, S(t) . Consider the case where I and J are not necessarily free, and take ϕ ∈ I, t ∈ J and a prime ideal p of k. Then the images of ϕ, t and ϕ, S(t) in the localized ring k p are equal, since the integral space of the Hopf k p -algebra H p is free. So we can conclude that (14) ϕ, t = ϕ, S(t) .
Lemma 6.1. Let H be a finitely generated projective Hopf algebra over a commutative ring k. There exist
H is an I-Frobenius k-algebra, with Frobenius system (e, ν) with
It is straightforward to show that e ∈ C H (H ⊗ I ⊗ H); this also follows from [4, Prop. 3.3] , taking into account that e = i ′ (ϕ ⊗ S(t)).
For all ϕ ∈ I, we calculate
It now follows from [4, Theorem 3.1] that (e, ν) is a Frobenius system. Proposition 6.2. Let H be a finitely generated projective Hopf algebra over a commutative ring k, and A a left H-module algebra. Then A ⊗ H is an A ⊗ IFrobenius A-algebra, with Frobenius system (E, N ), with
Here we used the notation introduced above.
Proof. The proof is an adaption of the proof of [6, Proposition 5.1] . Let us first show that E satisfies (4).
Obviously N is left A-linear. Right A-linearity can be proved as follows:
(5) is satisfied since
Let us finally show that (6) holds. For all a ∈ A and ϕ ∈ I, we have
Proposition 6.3. Let H be a finitely generated projective Hopf algebra, and A a left H-module algebra. The trace map tr : A ⊗ J → B = A H is given by the formula tr (a ⊗ t) = t · a.
Proof. Observe that the map g : (J ⊗A)⊗ A (I ⊗A) in the Morita context associated to I ⊗ A is given by the formula
Using the left handed version of (11), we compute, for
We can now apply Propositions 2.1, 2.1 and 3.2, and Theorem 4.5, and obtain the following result. and the condition of the trace map means that there exists a ∈ A such that t · a = 1. We observe that -in the case where the space of integrals is not free -the sufficient condition in Corollary 6.4 that there exist a i ∈ A and t i ∈ H l such that i t i · a i ∈ I is weaker than the one given in [7, Theorem 8] , where a single t ∈ H l and a ∈ A with t · a = 1 are needed.
Application to corings
Let A be a ring. An A-coring is a coalgebra in the category of A-bimodules A M A . This means that we have two A-bimodule maps ∆ C : C → C ⊗ A C and ε C : C → A satisfying some coassociativity and counit axioms. The maps ∆ C and ε C are called the comultiplication and counit, and we use the Sweedler notation
where summation is understood implicitely. Corings were revived recently in [2] , and we refer to [3] for a detailed discussion of all kinds of applications. The left dual R = * C = A Hom(C, A) is an A-ring, with multiplication rule (f #g)(c) = g(c (1) f (c (2) )), for all c ∈ C and f, g ∈ * C. The unit is ε C , and the ring morphism i : A → * C is given by i(a)(c) = ε C (c)a. The A-bimodule structure on * C is then given by the formula (af b)(c) = f (ca)b, for all a, b ∈ A, f ∈ C * and c ∈ C. x ∈ C is called grouplike if ∆ C (x) = x ⊗ R x and ε C (x) = 1 R . (C, x) is then called an R-coring with a grouplike element. Now consider the map χ :
* C → A, χ(f ) = f (x). It can be shown easily (see [6] ) that (C * , i, χ) is an A-ring with a right grouplike character. We can also compute that B = A R = {a ∈ A | f (xa) = af (x), for all f ∈ C * }.
Using the grouplike element x, we can define a right C-coaction on A, namely ρ : C → A ⊗ A C ∼ = C, ρ(r) = 1 A ⊗ A xa = xa.
We can consider the subring of coinvariants A coC = {a ∈ A | ax = xa}.
In general, A coC is a subring of A R , and they are equal if C is finitely generated and projective as a right A-module. An A-coring C is called Frobenius if there exist an A-bimodule map θ : C ⊗ A C → A and z ∈ C A (C) (that is, az = za, for all a ∈ A) such that the following conditions hold, for all c, d ∈ C:
We refer to [5, Theorem 35] for the explanation of this definition. If C is Frobenius, C is finitely generated and projective as a (left or right) A-module, and * C/A is Frobenius (see [5, Theorem 36] ). Then we also have (see [6, Sec. 3] ) that Q = {q ∈ * C | c (1) q(c (2) ) = q(c)x}.
It follows from [6, Theorem 2.7] or Theorem 3.1 that we have an isomorphism of ( * C, B)-bimodules α : A → Q, given by α(a)(c) = θ(ca ⊗ A x), for all a ∈ A and c ∈ C. The inverse α −1 is given by α −1 (q) = q(z), and the left * C-action on A is f · a = θ(z (1) f (z (2) ) ⊗ A x).
This can be verified directly as follows: 
